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A modified differential approximation proposed by Olfe is extended to the treatment of a medium with
isotropic scattering and boundary reflection. The method can be used to readily generate successive improve-
ment of the solutions. In this work, the basic procedure is demonstrated by computing the transmissivity and
hemispherical reflectivity of an absorbing, isotropically scattering slab with a reflecting boundary. Comparison
of present computational results with existing exact solutions shows that, in general, the modified differential
approximation is superior to the unmodified differential approximation, and that one or two applications of the
improvement of the modified differential approximation produces results very close to the exact solution. The
present method also gives accurate solutions for an optically-tiin medium. The general concept of the current
method appears to be adaptable to the treatment of multidimensional cases. ’

~

Nomenclature

E, =exponential integral of order n

G = zeroth moment of I, Eq. (10)

I = radiative intensity

i = subscript that denotes the contribution of incident
radius

I, = diffuse intensity incident on the boundary

K =backward half-range flux at 7., Eq. (8)

ka =superscript that denotes the kth part of the approx-
imate solution

ke =superscript that denotes the kth part of the exact
solution

m =subscript that denotes the contribution of the
medium

R =hemispherical reflectivity, Eq. (3)

S =source function

T =transmissivity, Eq. (4)

w = cosine of the angle between the direction of
radiative intensity and the positive 7, axis

ps  =diffuse reflectivity

T, =optical thickness of the slab

7, = arbitrary optical path from the surface to a location
in the medium

7, =optical variable in the direction perpendicular to the
surface of medium

Q =solid angle or direction in space

w =albedo
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Introduction

HE formulation of radiative transfer in an absorbing,

emitting, and scattering medium produces an integro-
differertial equation which is often subject to boundary con-
ditions with integral terms. Because of the mathematical com-
plexity of the formulation, a large variety of approximation
methods have been proposed. General reviews of those
methods have been given by many authors, for example,
Ozisik! and Siegel and Howell,? etc. Because of its simple and
general nature, the differential approximation is one of the
most popular approximation methods. To increase accuracy,
many modifications and higher-order revisions have been pro-
posed.?>' Although a method which is simple, accurate, and
applicable for general cases does not exist, a modified dif-
ferential approximation (MDA) proposed by Olfe? appears to
meet most of these requirements when it is applied to the
radiative transfer in a medium with absorbing and emitting,
but without scattering and boundary reflection.?-% In the pres-
ent work, the MDA is generalized to solve the radiative
transfer in a medium with scattering and boundary reflection.
Moreover, it is found that the inteégro-differential equation
which is solved approximately in the MDA can be divided into
two problems: one has an exact solution, and the other is
mathematically equivalent to the original integro-differential
equation, i.e., this new integro-differential equation can be
divided further or be solved by the MDA. Since the approx-
imate solution of this new integro-differential equation has
less contribution. to the total solution than the original one,
this technique can provide a successive improvement to the
solution of the MDA.

In the present work, the hemispherical reflectivity and
transmissivity of an absorbing, isotropically scattering slab
with diffusely reflecting boundaries are computed by the
aforementioned methods. Because of its engineering impor-
tance, a variety of methods,!!"!> including the exact solution
given by Lii and Ozisik,!! have been used to solve the present
problem. This problem is chosen because these existing solu-
tions can be used to examine the effectiveness of the present
method.
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Analysis Li(r,—u)=0,u>0 (5¢)
The intensity along a path in an absorbing, emitting, and 1
isotropically scattering medium with homogeneous properties e S , ,
can be cxpressed as Si(r) = 2 J-1 1 (eop")dp Gd)
7 and
I(7,Q) = Iy (7,0,Q)e™ p~ 700 + S i S(r)e~ "7 dr, (1)
£ 7p0 612(7'1’/") I
p.——-aT—+ 2 (7p) =8,(7,),0=7, <7, lpl=l (62)
where 7, denotes an arbitrary optical path from the surface, @ z .
the direction of propagation of radiation, /,, incident radiation I (0.p) =
from location 7,4 on the boundary of the medium, and S the 2(0,p) =0,p >0 (6b)
source function. Since the first term of Eq. (1) is expressed ex- I =1 0
actly and explicitly for known boundaries, Olfe? suggested 2o —p)=Lp> (6)
that to approximate only the second term may increase the ac- w (1
curacy of solution. Note that the whole intensity is approx- S, (1) =-2—S L (7,,p")dp’ (6d)
-1

imated in the unmodified differential approximation. How-
ever, for a medium with reflecting boundaries, the intensity is
not given explicitly at the boundaries. Thus, to take the
advantage of the MDA, we need to treat the intensity at the
boundaries first. It is found that a superposition method
proposed by Ozisik and Sutton'* may be used to simplify this
kind of boundary condition. Note that this superpositioning
of boundaries is not generally applicable to multidimensional
problems; however, all other features of the current procedure
will work for at least specified boundary intensities in such
problems. ,

In this work, Olfe’s MDA will be generalized to obtain the
hemispherical reflectivity and transmissivity of an absorbing,
isotropically scattering, nonconservative, plane-parallel slab.
The optical thickness of the slab is 7. The boundary surface at
7,=0 is transparent and is exposed to unit diffuse intensity,
and the boundary at 7, =7, is partially reflecting having dif-
fuse reflectivity, p,. Also, it is assumed that the émission from
the medium and from the second boundary is negligible. The
resultant problem is described by

u_"”(a;;j‘l_qul(rz,u) =—‘;—Sl_l I(7,p')dp’ 0<7, <7,
MES! 23
I0,p)=1,p>0 @b)
1
I(TC,—IL)=2PdSO I(r,p )p'dp’, p>0 (20)

where 7, denotes the optical variable in the direction perpen-
dicular to the surface of the medium, p the cosine of the angle
between the direction of radiative intensity and the positive 7,
axis, and w the single scattering albedo. The hemispherical
reflectivity and the transmissivity of the slab are defined,
respectively, as

1
R=2{_1(0,~ pwpdu G

1
TZZS—II(‘TC,[.L)}Ld[L 4@

Following the previous discussion, the complete problem
[Eq. (2)] is split into two sub-problems, in which the intensity
is unity or zero on boundary before we apply the MDA. Then
the problem becomes

af 1 (Tz’ [ )
”_

3 +I(1,p)=8(7).0=<7, <7, lpl=1 (52)

zZ

The total radiative intensity in the original problem becomes

I(Tz)”')=Il(Tz)l")+2de12(Tsz') (7)

where
1 1 )
K= [SO Il(rc,u)udu] / [1—2pd§0 Iz(Tc,u)udu] @®)

Note that now the intensity at the boundaries is given explicitly
in both subproblems, so the MDA is applicable for each
problem.

These problems are identical, therefore we will only con-
sider the solution of I;. Now, I, can be written in terms of two
components, the direct boundary and medium contributions
as

Li(rpu) =1 (rpp) + Dy (75p), lnt =1 (9a)
where

(1 ,p) =e~ (/M 1>0, Tor(rp) = 0,0 <0 (9b)

7,

L(rom) = |

1 ,
. "I;_Sl (r5p)e Tz edr, n>0

T, 1 ,
Ilm (Tz’”') == S ‘ _Sl (T;,M)e_(7z_7z)/"d75,”<0 (9C)
z B

The I, problem can then be divided into a differential equa-
tion for I;;, whose solution is expressed as Eq. (9b), and an
integro-differential equation for I;,,. The latter is

aIlm (Tz:/")
p—
a7,

w
+1,, (1, 1) =4_7r[Glm(Tz) + Gl
O<7,=7,lpl=1
Ilm (0)”') =0!I‘L>0
Ilm(Tc’_ﬂ):Oal">0 (10)

where

1
Gim (7)) =27rS;1 I (7o, p)dp

o« ®© e_',p
—_— ? ’
G”(Tz)‘g_m S_m T d7d7;
p

7, =V (0=7)2+ (0= 7,)2+ (1,— 0)?

Note that here we use the three-dimensional optical variable so
that minimal modification is required to move to multidimen-
sional problems. Following Ozisik,! we obtain the differential
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approximation of Eq. (10) as

&G
-——é'"z—(”l—ul—w)c;]m(rz):—3mGl,.(7z) 0=r <7(11)
TZ
where
2 dGlm(O) 2 dGlm(Tc)
Gy (0) = im0 g Sl LA
lm( ) 3 de lm(Tc) 3 de

and for the slab
G =27E,(1;)

A closed-form solution of Eq. (11) can be obtained by the
method of Green’s functions '

Gin(r) = |7 81 (o= 30Gu (OME+ | &3 )

Tz

X [-3wG; (£)1dE (12a)
where
1—A 1—ar o
&1(r8) = [(ehs———uYx o) (e 2= e | /
AD(7,), O<f=<r, (12b)
) (e )|
— AT, _ }\7 AE 2)\1c AE
g,(7,,%) [(e z 1+’y)\e z) e 1+G‘)\e
)\D(TZ), 1,287, (12¢)
and

1—’}/)\ _ 1—al o
D(Tz)z(em_ T+9N Mz) (‘?M“L T M)

1—A 1-ar
—leMz+— oM > ( Ny 2)\10-—)\1) 124
(ez e I\ T ) 42

where o= %, y= — %, and A=3+v(1 —w). Similarly, one can
solve the I, problem. Then the reflectivity and the

Table 1 Slab reflectivity, transparent boundaries,
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transmissivity are determined from the relations

R=2[Gl"’(0) +2deG2m(0)v +2deE3(7c)] 13)
47 47 :
T=2K(1-p,) (14)
_ Glm(Tc) G2m
LR /[N N

Reconsidering the I;,, Eq. (10), one finds that the radiative
intensity incident on both boundaries is zero. This char-
acteristic implies that a successive improvement of the solution
is possible. Again, I,, is divided into an exact I}¢, and
an approximate 714 part, as

Ly =Ii5+ I, (16)
where the superscripts 1a and 1e denote the first part of the ap-

proximate solution and the first part of the exact solution,
respectively. Then Eq. (10) becomes

al}sn 1e [}
”'—a;_""llm =gy Ou0=7 =7 |p[ =1
Z
I (0,p) =0,u>0, Iifn(rc,u)=0,u>0 a7
and
aI{rﬂn 1a w 1m le
W a7 +IlmzﬂlG' +Glm],057z57'c, |l"| =1
z
I, (0,p)=0,u>0, i (7.—p) =0,u>0 (18)
where

1
olt (r)=2x|_ 1 (rom)du
1
Glt,(r) =2x | I, (r,m)dp

which is obtained from the solution of Eq. (17). It is worth
noting that Eq. (17) has an exact solution, and Eq. (18) has the
same mathematical form as Eq. (10). Therefore, Eq. (18) can

Table 2 Slab reflectivity: reflecting boundary at 7, =7,,

Li=10at7,=0 transparent boundary at 7, =0, Iy =1.0 at 7, =0

w Method 7.=0.1 7,=10 7.=5.0 W Method 7.=01 7,=10 7.=5.0
0.9 P-1 approximation ° 0.0559  0.3337  0.4635 0.9 P-1 approximation 0.9608 0.6919  0.4683
MDA 0.0748 0.3567  0.4862 MDA 0.9636  0.7187  0.4914
First improvement of MDA 0.0745  0.3550  0.4827 First improvement of MDA 0.9615  0.7117  0.4884
Second improvement of MDA 0.0744  0.3538  0.4809 Second improvement of MDA 0.9612  0.7052  0.4865
Third improvement of MDA 0.0744  0.3528  0.4793 Third improvement of MDA 09612 0.7014  0.4850
Exact solution 0.0744  0.3527  0.4763 Exact solution 0.9612 0.7009  0.4818
0.5 P-1 approximation 0.0221  0.0924  0.1010 0.5 P-1 approximation 0.8190 0.1857 0.1010
MDA ; 0.0400 0.1440  0.1561 MDA 0.8320 0.2557  0.1561
First improvement of MDA 0.0386  0.1373  0.1498 First improvement of MDA 0.8269 0.2486  0.1499
Second improvement of MDA~ 0.0384  0.1350  0.1476 Second improvement of MDA 0.8264  0.2444  0.1476
Third improvement of MDA 0.0384 0.1343  0.1468 Third improvement of MDA 0.8264  0.2430  0.1468
Exact solution 0.0384 0.1342  0.1465 Exact solution 0.8264  0.2428  0.1465

0.1 P-1 approximation a a a 0.1 P-1 approximation 0.6972 a a
MDA 0.0077  0.0230  0.0237 MDA 0.7190  0.0779  0.0237
First improvement of MDA 0.0072  0.0209  0.0219 First improvement of MDA 0.7173  0.0759  0.0219
Second improvement of MDA 0.0072  0.0208  0.0217 Second improvement of MDA 0.7173  0.0757  0.0217
Third improvement of MDA 0.0072  0.0207  0.0217 Third improvement of MDA 0.7173  0.0757  0.0217
Exact solution 0.0207 Exact solution 0.0756  0.0217

0.0072 0.0217

0.7168

2Negative value.

2Negative value.
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be solved by the differential approximation or be solved by
further dividing it into two equations.

The general expressions of hemispherical reflectivity and
transmissivity for the kth improvement are as follows:

R= 2{4%&00 [Gl,. (17) +204KGy; (T;)]EZ(T; —0)dr;

la
Gt (1) GidO |, kE, (fc)} (19a)
A7 4
=2(1-p)K (19b)
in which K satisfies
w Tc ’ r’
K=—S [Gl,- () + ZdeGZ,-] Ey(r,—7;)d7;
47 Jo

Gi7 (0) + Gin (1c)

+E; (1), k=1

47 4
and

w ’ ’

=‘ﬂ_‘250 {Gli(71)+20dKGzi(Tz)
k

+ 3|6 [ 7 De (17) +2p,KGEhy Ve (77) ]}EZ(TZ'—O)de'
j=2

+2{4i [G 2 (0) + 20,KG& (0)] +2deE3(TC)} (20a)

T

=2(1-ps)K (20b)
in which K satisfies

w [T
K=T§ {Gli(Tz’)+2deGZi(T;:)
k
+ 35 [0t o 200564500 | a0

+T[G (Tc)+2deG ('rc:l+2deE3(7'c), k=2

From the above expressions, one may find that the exact
part increases as k increases. Hence, this procedure will lead
the approximate solution to the exact solution as k—oo.

Results and Discussion

Tables 1-3 show the computational results of the hemi-
spherical reflectivity and the transmissivity of the slab for
several different values of optical thickness, single scattering
albedo and boundary surface reflectivity. The results listed are
obtained by the MDA and the first, second, and third im-
provement of the MDA. The exact results and P-1 approxima-
tion results from Lii and Ozisik!! are also listed in Tables 1-3.

In general, the unmodified differential approximation
(equivalent to P-1) is inaccurate near the boundary of a
medium exposed to external radiation. Here, the definition of
the hemispherical reflectivity and transmissivity of the slab
contains the radiative flux on the boundary. Thus, the applica-
tion of the present methods to this case is an important exten-
sion. Lii and Ozisik!! have pointed out that the P-1 approx-
imation gives reasonably good results for large optical
thickness and albedo close to one, but the accuracy of the ap-
proximation is not so good for smaller values of albedo. From
Tables 1-3, one can see that the accuracy of the results is
improved by using the MDA, especially when the albedo is
small.
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Table 3 Slab transmissivity, transparent boundaries,
Iy=10at7,=0

w Method 7.=01 7,=10 7.=5.0
0.9 P-1 approximation 0.9204  0.4885  0.0507
MDA 0.9069 0.4887  0.0547

First improvement of MDA 0.9060 0.4796  0.0543
Second improvement of MDA 0.9060 0.4765  0.0544

Third improvement of MDA 0.9059  0.4750 0.0544

Exact solution 0.9060 0.4747 0.0544

0.5 P-1 approximation 0.8828  0.2911  0.0022
MDA 0.8722  0.3182  0.0046

First improvement of MDA 0.8706  0.3099  0.0050
Second improvement of MDA 0.8704  0.3075  0.0052

Third improvement of MDA 0.8704  0.3068  0.0052

Exact solution 0.8704  0.3067  0.0053

0.1 P-1 approximation 0.8480  0.1930  0.0001
MDA 0.8402 0.2339  0.0020

First improvement of MDA 0.8397 0.2320  0.0020
Second improvement of MDA 0.8396  0.2319  0.0020

Third improvement of MDA 0.8396  0.2318  0.0020

Exact solution 0.8394  0.2317  0.0020

In this work, the MDA has been extended to the treatment
of a medium with boundary reflection. The results of an ex-
ample (o, =1.0) are listed in Table 2. It has been found that
the accuracy of the ordinary differential approximation may
be better than that of the MDA for a few situations (e.g.,
w=0.9, p;=1.0, and 7, =0.1). However, in general, the MDA
is superior to the ordinary differential approximation.

The comparison of the improvement of the generalized
MDA with the exact solution and other methods can be made
in Tables 1-3. It is found that the results obtained by using the
improvement one or two times are very close to those obtained
by the exact solution and are always far better than those ob-
tained by the unmodified P-1 approximation. This com-
parison demonstrates the effectiveness of the current improve-
ment of the MDA.

In addition to the exact solution and the P-1 approxima-
tion,!! many authors have studied the present example using
many different approximate methods.!?!> These approximate
methods provide results for optical thickness 0.5 or larger.
That is, the results for small optical thickness (<0.1) are not
available, However, Tables 1-3 show that the current im-
provement of the generalized MDA works quite well for these
cases as well. This is an important advantage of the present
method over the other approximation methods.

Conclusions

The conclusions of the present paper can be summarized as
follows:

1) Olfe’s MDA is extended to the treatment of a medium
with isotropic scattering and boundary reflection.

2) An improvement of the MDA is proposed in the present
work. It can be used to readily generate a successive improve-
ment of solutions.

3) The hemispherical reflectivity and transmissivity of an
absorbing, isotropically scattering slab with a reflecting
boundary are computed by the MDA and its improvement.
The results of this computation demonstrate the effectiveness
of the present methods.

4) The results of the current example show that, in general,
the MDA is superior to the unmodified differential approx-
imation, one or two applications of the improvement of the
MDA may produce results very close to the exact solution.
Additionally the successive improvement approach has the ad-
vantage that it generates accurate results for an optically thin
medium.

5) Since similar formulations can be derived for multi-
dimensional cases, the current methods appear to be adaptable
to the treatment of those cases.



300 C.Y. WU, W.H. SUTTON, AND T.J. LOVE

References

1Ozisik, M. N., Radiative Transfer, John Wiley and Sons, New
York, NY, 1973.

%Siegel, R. and Howell, J. R., Thermal Radiation Heat Transfer,
2nd ed., McGraw-Hill, New York, NY, 1980.

30lfe, D. B., ““A Modification of Differential Approximation for
Radiative Transfer,”” AIAA Journal, Vol. 5, 1967, pp. 638-643.

40lfe, D. B., “Application of the Modified Differential Approx-
imation to Radiative Transfer in a Gray Medium between Concentric
Cylinders and Spheres,”” Journal of Quantitative Spectroscopy and
Radiative Transfer, Vol. 8, 1968, pp. 899-907.

50lfe, D. B., ““Radiative Equilibrium of a Gray Medium Bounded
by Nonisothermal Walls,”” Progress in Astronautics and Aeronautics,
Vol. 23, 1970, pp. 295-317.

®Glatt, L. and Olfe, D. B., ‘“‘Radiative Equilibrium of a Gray
Medium in a Rectangular Enclosure,”” Journal of Quantitative
Spectroscopy and Radiative Transfer, Vol. 13, 1973, pp. 881-895.

"Modest, M. F., ‘“Two-Dimensional Radiative Equilibrium of a
Gray Medium in a Plane Layer Bounded by Gray Nonisothermal
Walls,”” ASME Journal of Heat Transfer, Vol. 96, 1974, pp. 483-488.

8Yuen, W. W. and Tien, C.L., *“A Successive Approximation Ap-
proach to Problems in Radiative Transfer with a Differential For-
mulation,”” ASME Journal of Heat Transfer, Vol. 102, 1980, pp.
86-91.

J. THERMOPHYSICS

9Bayzitoglu, Y. and Higenyi, J., ‘““The Higher-Order Differential
Equations of Radiative Transfer: P Approximation,”” AIAA Journal,
Vol. 17, 1979, pp. 424-431.

10Ratzel, A. C. III, “Two-Dimensional Radiation in Absorbing-
Emitting Medium Using the P-N Approximation,”” ASME Journal of
Heat Transfer, Vol. 105, 1983, pp. 333-340.

"Lii, C. C. and Ozisik, M. N., ““Hemispherical Reflectivity and
Transmissivity of a Absorbing, Isotropically Scattering Slab with a
Reflecting Boundary,”” International Journal of Heat and Mass
Transfer, Vol. 16, 1973, pp. 685-690.

2Qutton, W. H. and Ozisik, M. N., “‘An Iterative Solution for
Anisotropic Radiative Transfer in a Slab,” ASME Journal of Heat
Transfer, 1979, Vol. 101, pp. 695-698.

BSutton, W. H. and Ozisik, M. N., ‘A Fourier Transform Solution
for Radiative Transfer in a Slab with Isotropic Scattering and Boun-
dary Reflection,” Journal of Quantitative Spectroscopy and Radia-
tive Transfer, Vol. 22, 1979, pp. 55-64.

14Gzisik, M. N. and Sutton, W. H., ‘A Source Function Expan-
sion in Radiative Transfer,”” ASME Journal of Heat Transfer, Vol.
102, 1980, pp. 715-718.

15Gzisik, M. N. and Yener, Y., “The Galerkin Method for Solving
Radiation Transfer in Plane-Parallel Participating Media,”” ASME
Journal of Heat Transfer, Vol. 104, 1982, pp. 351-354.

—

From the AIAA Progress in Astronautics and Aeronautics Series...

SHOCK WAVES, EXPLOSIONS, AND DETONATIONS—v. 87
FLAMES, LASERS, AND REACTIVE SYSTEMS—v. 88

Edited by J. R. Bowen, University of Washington,
N. Manson, Université de Poitiers,
A. K. Oppenheim, University of California,
and R. I. Soloukhin, BSSR Academy of Sciences

In recent times, many hitherto unexplored technical problems have arisen in the development of new sources of energy,
in the more economical use and design of combustion energy systems, in the avoidance of hazards connected with the use
of advanced fuels, in the development of more efficient modes of air transportation, in man’s more extensive flights into
space, and in other areas of modern life. Close examination of these problems reveals a coupled interplay between
gasdynamic processes and the energetic chemical reactions that drive them. These volumes, edited by an international team
of scientists working in these fields, constitute an up-to-date view of such problems and the modes of solving them, both
experimental and theoretical. Especially valuable to English-speaking readers is the fact that many of the papers in these
volumes emerged from the laboratories of countries around the world, from work that is seldom brought to their attention,
with the result that new concepts are often found, different from the familiar mainstreams of scientific thinking in their
own countries. The editors recommend these volumes to physical scientists and engineers concerned with energy systems
and their applications, approached from the standpoint of gasdynamics or combustion science.

Published in 1983, 505 pp., 6 X9, illus., $39.00 Mem., $59.00 List
Published in 1983, 436 pp., 6 X9, illus., $39.00 Mem., $59.00 List

TO ORDER WRITE: Publications Dept., AIAA, 370 L'Enfant Promenade S.W., Washington, D.C. 20024-2518




