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Successive Improvement of the Modified Differential
Approximation in Radiative Heat Transfer
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A modified differential approximation proposed by Olfe is extended to the treatment of a medium with
isotropic scattering and boundary reflection. The method can be used to readily generate successive improve-
ment of the solutions. In this work, the basic procedure is demonstrated by computing the transmissivity and
hemispherical reflectivity of an absorbing, isotropically scattering slab with a reflecting boundary. Comparison
of present computational results with existing exact solutions shows that, in general, the modified differential
approximation is superior to the unmodified differential approximation, and that one or two applications of the
improvement of the modified differential approximation produces results very close to the exact solution. The
present method also gives accurate solutions for an optically-thin medium. The general concept of the current
method appears to be adaptable to the treatment of multidimensional cases.

Nomenclature
En = exponential integral of order n
G =zeroth moment of 7, Eq. (10)
/ == radiative intensity
/ = subscript that denotes the contribution of incident

radius
I0 = diffuse intensity incident on the boundary
K = back ward half-range flux at rc, Eq. (8)
ka = superscript that denotes the kih part of the approx-

imate solution
ke = superscript that denotes the Ath part of the exact

solution
m = subscript that denotes the contribution of the

medium
R = hemispherical reflectivity, Eq. (3)
S = source function
T = transmissivity, Eq. (4)
fji = cosine of the angle between the direction of

radiative intensity and the positive rz axis
pd = diffuse reflectivity
rc - optical thickness of the slab
rp = arbitrary optical path from the surface to a location

in the medium
TZ = optical variable in the direction perpendicular to the

surface of medium
ft = solid angle or direction in space
co = albedo
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Introduction

T HE formulation of radiative transfer in an absorbing,
emitting, and scattering medium produces an integro-

differential equation which is often subject to boundary con-
ditions with integral terms. Because of the mathematical com-
plexity of the formulation, a large variety of approximation
methods have been proposed. General reviews of those
methods have been given by many authors, for example,
Ozisik1 and Siegel and Ho well,2 etc. Because of its simple and
general nature, the differential approximation is one of the
most popular approximation methods. To increase accuracy,
many modifications and higher-order revisions have been pro-
posed.3"10 Although a method which is simple, accurate, and
applicable for general cases does not exist, a modified dif-
ferential approximation (MDA) proposed by Olfe3 appears to
meet most of these requirements when it is applied to the
radiative transfer in a medium with absorbing and emitting,
but without scattering and boundary reflection.3"6 In the pres-
ent work, the MDA is generalized to solve the radiative
transfer in a medium with scattering and boundary reflection.
Moreover, it is found that the integro-differential equation
which is solved approximately in the MDA can be divided into
two problems: one has an exact solution, and the other is
mathematically equivalent to the original integro-differential
equation, i.e., this new integro-differential equation can be
divided further or be solved by the MDA. Since the approx-
imate solution of this new integro-differential equation has
less contribution to the total solution than the original one,
this technique can provide a successive improvement to the
solution of the MDA.

In the present work, the hemispherical reflectivity and
transmissivity of an absorbing, isotropically scattering slab
with diffusely reflecting boundaries are computed by the
aforementioned methods. Because of its engineering impor-
tance, a variety of methods,11"15 including the exact solution
given by Lii and Ozisik,11 have been used to solve the present
problem. This problem is chosen because these existing solu-
tions can be used to examine the effectiveness of the present
method.
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Analysis
The intensity along a path in an absorbing, emitting, and

isotropically scattering medium with homogeneous properties
can be expressed as

7(VQ) = (1)

where TP denotes an arbitrary optical path from the surface, Q
the direction of propagation of radiation, 70 incident radiation
from location rpQ on the boundary of the medium, and S the
source function. Since the first term of Eq. (1) is expressed ex-
actly and explicitly for known boundaries, Olfe3 suggested
that to approximate only the second term may increase the ac-
curacy of solution. Note that the whole intensity is approx-
imated in the unmodified differential approximation. How-
ever, for a medium with reflecting boundaries, the intensity is
not given explicitly at the boundaries. Thus, to take the
advantage of the MDA, we need to treat the intensity at the
boundaries first. It is found that a superposition method
proposed by Ozisik and Sutton14 may be used to simplify this
kind of boundary condition. Note that this superpositioning
of boundaries is not generally applicable to multidimensional
problems; however, all other features of the current procedure
will work for at least specified boundary intensities in such
problems.

In this work, Olfe's MDA will be generalized to obtain the
hemispherical reflectivity and transmissivity of an absorbing,
isotropically scattering, nonconservative, plane-parallel slab.
The optical thickness of the slab is rc. The boundary surface at
TZ = 0 is transparent and is exposed to unit diffuse intensity,
and the boundary at TZ = rc is partially reflecting having dif-
fuse reflectivity, pd. Also, it is assumed that the emission from
the medium and from the second boundary is negligible. The
resultant problem is described by

_

I(Tc,-n)=2Pd\l
*} 0

(2a)

(2b)

(2c)

where TZ denotes the optical variable in the direction perpen-
dicular to the surface of the medium, ju the cosine of the angle
between the direction of radiative intensity and the positive rz
axis, and w the single scattering albedo. The hemispherical
reflectivity and the transmissivity of the slab are defined,
respectively, as

(3)

(4)

Following the previous discussion, the complete problem
[Eq. (2)] is split into two sub-problems, in which the intensity
is unity or zero on boundary before we apply the MDA. Then
the problem becomes

(5a)

(5b)

dr.

and

(5c)

(5d)

rc, l j L t l < l (6a)

(6b)

(6c)

(6d)

The total radiative intensity in the original problem becomes

where

K= | \ 7, (T^ju)MdjLt I /11 -2pH \ 7>(rc,/*)/ulju (8)

Note that now the intensity atTthe boundaries is given explicitly
in both subproblems, so the MDA is applicable for each
problem.

These problems are identical, therefore we will only con-
sider the solution of 7j. Now, II can be written in terms of two
components, the direct boundary and medium contributions
as

where

(9b)

= \ Z — S{(Tzftj
J 0 jU.

(9c)

The /! problem can then be divided into a differential equa-
tion for 7l7, whose solution is expressed as Eq. (9b), and an
integro-differential equation for 7lw. The latter is

(10)

where

G\ = 2ir I\J — 1

oo oo -T

Note that here we use the three-dimensional optical variable so
that minimal modification is required to move to multidimen-
sional problems. Following Ozisik,1 we obtain the differential
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approximation of Eq. (10) as

d 2Gim(^) -,1 ^ , ,
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transmissivity are determined from the relations

1
(13)

where

G l m(0) = 2 dG lm(0)
drr

G l m(r c) = -

and for the slab

A closed-form solution of Eq. (11) can be obtained by the
method of Green's functions

(12a)

where

XD(r.),

(12b)

(12c)

and

,=(,„- l-y\ , \ /
____I———e~\Tz \ I

1+7X A

1+7X

where ot=2A, 7= - 2/s, and X = 3V(l-co). Similarly, one can
solve the 72 problem. Then the reflectivity and the

(14)T=2K(l-Pd)

Reconsidering the 7lm Eq. (10), one finds that the radiative
intensity incident on both boundaries is zero. This char-
acteristic implies that a successive improvement of the solution
is possible. Again, Ilm is divided into an exact I\e

m and
an approximate /j^part, as

—1m — 1 (16)

where the superscripts la and \e denote the first part of the ap-
proximate solution and the first part of the exact solution,
respectively. Then Eq. (10) becomes

dr

(17)

and

iU 0

(18)

where

which is obtained from the solution of Eq. (17). It is worth
noting that Eq. (17) has an exact solution, and Eq. (18) has the
same mathematical form as Eq. (10). Therefore, Eq. (18) can

Table 1 Slab reflectivity, transparent boundaries,

CO

0.9

0.5

0.1

Method
P-l approximation

MDA
First improvement of MDA

Second improvement of MDA
Third improvement of MDA

Exact solution

P-l approximation
MDA

First improvement of MDA
Second improvement of MDA
Third improvement of MDA

Exact solution

P-l approximation
MDA

First improvement of MDA
Second improvement of MDA
Third improvement of MDA

Exact solution

7C = 0.1

0.0559
0.0748
0.0745
0.0744
0.0744
0.0744

0.0221
0.0400
0.0386
0.0384
0.0384
0.0384

a

0.0077
0.0072
0.0072
0.0072
0.0072

rc = 1.0
0.3337
0.3567
0.3550
0.3538
0.3528
0.3527

0.0924
0.1440
0.1373
0.1350
0.1343
0.1342

a

0.0230
0.0209
0.0208
0.0207
0.0207

7C = 5.0

0.4635
0.4862
0.4827
0.4809
0.4793
0.4763

0.1010
0.1561
0.1498
0.1476
0.1468
0.1465

a

0.0237
0.0219
0.0217
0.0217
0.0217

Table 2 Slab reflectivity: reflecting boundary at rz =
transparent boundary at TZ = 0, 70 = 1.0 at TZ = 0

CO

0.9

0.5

0.1

Method
P-l approximation

MDA
First improvement of MDA

Second improvement of MDA
Third improvement of MDA

Exact solution

P-l approximation
MDA

First improvement of MDA
Second improvement of MDA
Third improvement of MDA

Exact solution

P-l approximation
MDA

First improvement of MDA
Second improvement of MDA
Third improvement of MDA

Exact solution

7C = 0.1

0.9608
0.9636
0.9615
0.9612
0.9612
0.9612

0.8190
0.8320
0.8269
6.8264
0.8264
0.8264

0.6972
0.7190
0.7173
0.7173
0.7173
0.7168

rc = 1.0
0.6919
0.7187
0.7117
0.7052
0.7014
0.7009

0.1857
0.2557
0.2486
0.2444
0.2430
0.2428

a

0.0779
0.0759
0.0757
0.0757
0.0756

Tc»

7C = 5.0

0.4683
0.4914
0.4884
0.4865
0.4850
0.4818

0.1010
0.1561
0.1499
0.1476
0.1468
0.1465

a

0.0237
0.0219
0.0217
0.0217
0.0217

aNegative value. aNegative value.
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be solved by the differential approximation or be solved by
further dividing it into two equations.

The general expressions of hemispherical reflectivity and
transmissivity for the kih improvement are as follows:

Table 3 Slab transmissivity, transparent boundaries,
/o = 1.0 at 7^=0

R = 2 -£- ̂  [G U ( T Z )

£OT+

4-7T

T=2(l-Pd)K

(19a)

(19b)

in which K satisfies

n\a (f\\ a\a ( T \+ G^(ft)_+G^(r^ k=l

4?r 4?r

and

R~1\T* \Gli(rz)+2PdKG2i(7z)

tc)]

T=2(l-Pd)K

(tc) (20a)

(20b)
in which K satisfies

K = -^\T
Q

C \Gu(T'z)+2PdKG2i(Tz)

+2pdKE3(Tc)f k>

From the above expressions, one may find that the exact
part increases as k increases. Hence, this procedure will lead
the approximate solution to the exact solution as Ar^oo.

Results and Discussion
Tables 1-3 show the computational results of the hemi-

spherical reflectivity and the transmissivity of the slab for
several different values of optical thickness, single scattering
albedo and boundary surface reflectivity. The results listed are
obtained by the MDA and the first, second, and third im-
provement of the MDA. The exact results and P-l approxima-
tion results from Lii and Ozisik11 are also listed in Tables 1-3.

In general, the unmodified differential approximation
(equivalent to P-l) is inaccurate near the boundary of a
medium exposed to external radiation. Here, the definition of
the hemispherical reflectivity and transmissivity of the slab
contains the radiative flux on the boundary. Thus, the applica-
tion of the present methods to this case is an important exten-
sion. Lii and Ozisik11 have pointed out that the P-l approx-
imation gives reasonably good results for large optical
thickness and albedo close to one, but the accuracy of the ap-
proximation is not so good for smaller values of albedo. From
Tables 1-3, one can see that the accuracy of the results is
improved by using the MDA, especially when the albedo is
small.

CO

0.9

0.5

0.1

Method
P-l approximation

MDA
First improvement of MDA

Second improvement of MDA
Third improvement of MDA

Exact solution

P-l approximation
MDA

First improvement of MDA
Second improvement of MDA
Third improvement of MDA

Exact solution

P-l approximation
MDA

First improvement of MDA
Second improvement of MDA
Third improvement of MDA

Exact solution

TC = 0.1

0.9204
0.9069
0.9060
0.9060
0.9059
0.9060

0.8828
0.8722
0.8706
0.8704
0.8704
0.8704

0.8480
0.8402
0.8397
0.8396
0.8396
0.8394

rc = 1.0

0.4885
0.4887
0.4796
0.4765
0.4750
0.4747

0.2911
0.3182
0.3099
0.3075
0.3068
0.3067

0.1930
0.2339
0.2320
0.2319
0.2318
0.2317

rc = 5.0

0.0507
0.0547
0.0543
0.0544
0.0544
0.0544

0.0022
0.0046
0.0050
0.0052
0.0052
0.0053

0.0001
0.0020
0.0020
0.0020
0.0020
0.0020

In this work, the MDA has been extended to the treatment
of a medium with boundary reflection. The results of an ex-
ample (pd = 1.0) are listed in Table 2. It has been found that
the accuracy of the ordinary differential approximation may
be better than that of the MDA for a few situations (e.g.,
co = 0.9, pd = 1.0, and rc = 0.1). However, in general, the MDA
is superior to the ordinary differential approximation.

The comparison of the improvement of the generalized
MDA with the exact solution and other methods can be made
in Tables 1-3. It is found that the results obtained by using the
improvement one or two times are very close to those obtained
by the exact solution and are always far better than those ob-
tained by the unmodified P-l approximation. This com-
parison demonstrates the effectiveness of the current improve-
ment of the MDA.

In addition to the exact solution and the P-l approxima-
tion,11 many authors have studied the present example using
many different approximate methods.12'15 These approximate
methods provide results for optical thickness 0.5 or larger.
That is, the results for small optical thickness (<0.1) are not
available. However, Tables 1-3 show that the current im-
provement of the generalized MDA works quite well for these
cases as well. This is an important advantage of the present
method over the other approximation methods.

Conclusions
The conclusions of the present paper can be summarized as

follows:
1) Olfe's MDA is extended to the treatment of a medium

with isotropic scattering and boundary reflection.
2) An improvement of the MDA is proposed in the present

work. It can be used to readily generate a successive improve-
ment of solutions.

3) The hemispherical reflectivity and transmissivity of an
absorbing, isotropically scattering slab with a reflecting
boundary are computed by the MDA and its improvement.
The results of this computation demonstrate the effectiveness
of the present methods.

4) The results of the current example show that, in general,
the MDA is superior to the unmodified differential approx-
imation, one or two applications of the improvement of the
MDA may produce results very close to the exact solution.
Additionally the successive improvement approach has the ad-
vantage that it generates accurate results for an optically thin
medium.

5) Since similar formulations can be derived for multi-
dimensional cases, the current methods appear to be adaptable
to the treatment of those cases.
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